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Foreword

The National Curriculum Framework 2005, recommends that children’s life at school
must be linked to their life outside the school. This principle marks a departure from
the legacy of bookish learning which continues to shape our system and causes a gap
between the school, home and community. The syllabi and textbooks developed on
the basis of NCF signify an attempt to implement this basic idea. They also attempt to
discourage rote learning and the maintenance of sharp boundaries between different
subject areas. We hope these measures will take us significantly further in the direction
of a child-centred system of education outlined in the National Policy on Education
(1986).

The success of this effort depends on the steps that school principals and teachers
will take to encourage children to reflect on their own learning and to pursue imaginative
activities and questions. We must recognise that, given space, time and freedom,
children generate new knowledge by engaging with the information passed on to them
by adults. Treating the prescribed textbook as the sole basis of examination is one of
the key reasons why other resources and sites of learning are ignored. Inculcating
creativity and initiative is possible if we perceive and treat children as participants in
learning, not as receivers of a fixed body of knowledge.

These aims imply considerable change in school routines and mode of functioning.
Flexibility in the daily time-table is as necessary as rigour in implementing the annual
calendar so that the required number of teaching days are actually devoted to teaching.
The methods used for teaching and evaluation will also determine how effective this
textbook proves for making children’s life at school a happy experience, rather than a
source of stress or boredom. Syllabus designers have tried to address the problem of
curricular burden by restructuring and reorienting knowledge at different stages with
greater consideration for child psychology and the time available for teaching. The
textbook attempts to enhance this endeavour by giving higher priority and space to
opportunities for contemplation and wondering, discussion in small groups, and
activities requiring hands-on experience.

Rationalised 2023-24



NCERT appreciates the hard work done by the textbook development committee
responsible for this book. We wish to thank the Chairperson of the advisory group in
Science and Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book,
Professor P.K. Jain for guiding the work of this committee. Several teachers contributed
to the development of this textbook; we are grateful to their principals for making this
possible. We are indebted to the institutions and organisations which have generously
permitted us to draw upon their resources, material and personnel. As an organisation
committed to systemic reform and continuous improvement in the quality of its
products, NCERT welcomes comments and suggestions which will enable us to
undertake further revision and refinement.

Director
New Delhi National Council of Educational
20 December 2005 Research and Training
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Rationalisation of Content in the Textbook

In view of the COVID-19 pandemic, it is imperative to reduce content load on
students. The National Education Policy 2020, also emphasises reducing the content
load and providing opportunities for experiential learning with creative mindset.
In this background, the NCERT has undertaken the exercise to rationalise the
textbooks across all classes. Learning Outcomes already developed by the NCERT
across classes have been taken into consideration in this exercise.

Contents of the textbooks have been rationalised in view of the following:

Overlapping with similar content included in other subject areas in the same
class

Similar content included in the lower or higher class in the same subject
Difficulty level

Content, which is easily accessible to students without much interventions
from teachers and can be learned by children through self-learning or peer-
learning

Content, which is irrelevant in the present context

This present edition, is a reformatted version after carrying out the changes
given above.
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Preface

The National Council of Educational Research and Training (NCERT) had constituted
21 Focus Groups on Teaching of various subjects related to School Education, to
review the National Curriculum Framework for School Education - 2000 (NCFSE -
2000) in face of new emerging challenges and transformations occurring in the fields
of content and pedagogy under the contexts of National and International spectrum of
school education. These Focus Groups made general and specific comments in their
respective areas. Consequently, based on these reports of Focus Groups, National
Curriculum Framework (NCF)-2005 was developed.

NCERT designed the new syllabi and constituted Textbook Development Teams
for Classes XI and XII to prepare textbooks in mathematics under the new guidelines
and new syllabi. The textbook for Class XI is already in use, which was brought in
2005.

The first draft of the present book (Class XII) was prepared by the team consisting
of NCERT faculty, experts and practicing teachers. The draft was refined by the
development team in different meetings. This draft of the book was exposed to a
group of practicing teachers teaching mathematics at higher secondary stage in different
parts of the country, in a review workshop organised by the NCERT at Delhi. The
teachers made useful comments and suggestions which were incorporated in the draft
textbook. The draft textbook was finalised by an editorial board constituted out of the
development team. Finally, the Advisory Group in Science and Mathematics and the
Monitoring Committee constituted by the HRD Ministry, Government of India have
approved the draft of the textbook.

In the fitness of things, let us cite some of the essential features dominating the
textbook. These characteristics have reflections in almost all the chapters. The existing
textbook contain 13 main chapters and two appendices. Each Chapter contain the
followings:

= Introduction: Highlighting the importance of the topic; connection with earlier
studied topics; brief mention about the new concepts to be discussed in the
chapter.

= QOrganisation of chapter into sections comprising one or more concepts/sub
concepts.

= Motivating and introducing the concepts/sub concepts. [llustrations have been
provided wherever possible.
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Viii

= Proofs/problem solving involving deductive or inductive reasoning, multiplicity
of approaches wherever possible have been inducted.

= Geometric viewing / visualisation of concepts have been emphasised whenever
needed.

= Applications of mathematical concepts have also been integrated with allied
subjects like science and social sciences.

* Adequate and variety of examples/exercises have been given in each section.

= For refocusing and strengthening the understanding and skill of problem solving
and applicabilities, miscellaneous types of examples/exercises have been
provided involving two or more sub concepts at a time at the end of the chapter.
The scope of challenging problems to talented minority have been reflected
conducive to the recommendation as reflected in NCF-2005.

= For more motivational purpose, brief historical background of topics have been
provided at the end of the chapter and at the beginning of each chapter relevant
quotation and photograph of eminent mathematician who have contributed
significantly in the development of the topic undertaken, are also provided.

= Lastly, for direct recapitulation of main concepts, formulas and results, brief
summary of the chapter has also been provided.

I am thankful to Professor Krishan Kumar, Director, NCERT who constituted the
team and invited me to join this national endeavor for the improvement of mathematics
education. He has provided us with an enlightened perspective and a very conducive
environment. This made the task of preparing the book much more enjoyable and
rewarding. I express my gratitude to Professor J.V. Narlikar, Chairperson of the
Advisory Group in Science and Mathematics, for his specific suggestions and advice
towards the improvement of the book from time to time. I, also, thank Prof. G. Ravindra,
Joint Director, NCERT for his help from time to time.

I express my sincere thanks to Professor Hukum Singh, Chief Coordinator and
Head DESM, Dr. V. P. Singh, Coordinator and Professor S. K. Singh Gautam who
have been helping for the success of this project academically as well as
administratively. Also, I would like to place on records my appreciation and thanks to
all the members of the team and the teachers who have been associated with this
noble cause in one or the other form.

Pawan K. JAIN
Chief Advisor
Textbook Development Committee
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Chapter 1

(RELATIONS AND FUNCTIONS )

¢ There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of
beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising
one when we read it. — G. H. HARDY **

1.1 Introduction

Recall that the notion of relations and functions, domain,
co-domain and range have been introduced in Class XI
along with different types of specific real valued functions
and their graphs. The concept of the term ‘relation’ in
mathematics has been drawn from the meaning of relation
in English language, according to which two objects or
quantities are related if there is a recognisable connection
or link between the two objects or quantities. Let A be
the set of students of Class XII of a school and B be the
set of students of Class XI of the same school. Then some
of the examples of relations from A to B are

(i) {(a, b) € A xB:ais brother of b}, Lejeune Dirichlet
() {(a, b) € A x B: ais sister of b}, (1805-1859)
(i) {(a, b) € A x B: age of a is greater than age of b},
(iv) {(a, b) € A x B: total marks obtained by « in the final examination is less than
the total marks obtained by b in the final examination},
(v) {(a, b) € A x B: alives in the same locality as b}. However, abstracting from
this, we define mathematically a relation R from A to B as an arbitrary subset
of A x B.
If (a, b) € R, we say that a is related to b under the relation R and we write as
a R b. In general, (a, b) € R, we do not bother whether there is a recognisable
connection or link between a and b. As seen in Class XI, functions are special kind of
relations.
In this chapter, we will study different types of relations and functions, composition
of functions, invertible functions and binary operations.
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2 MATHEMATICS

1.2 Types of Relations

In this section, we would like to study different types of relations. We know that a
relation in a set A is a subset of A x A. Thus, the empty set ¢ and A x A are two
extreme relations. For illustration, consider a relation R in the set A= {1, 2, 3, 4} given by
R = {(a, b): a— b =10}. This is the empty set, as no pair (a, b) satisfies the condition
a —b=10. Similarly, R" = {(a, b) : | a — b | 2 0} is the whole set A x A, as all pairs
(a, b) in A x A satisfy | @ — b | > 0. These two extreme examples lead us to the
following definitions.

Definition 1 A relation R in a set A is called empty relation, if no element of A is
related to any element of A, i.e., R=¢0 c A x A.

Definition 2 A relation R in a set A is called universal relation, if each element of A
is related to every element of A, i.e., R=A X A,

Both the empty relation and the universal relation are some times called #rivial
relations.

Example 1 Let A be the set of all students of a boys school. Show that the relation R
in A given by R = {(a, b) : a is sister of b} is the empty relation and R’ = {(a, b) : the
difference between heights of @ and b is less than 3 meters} is the universal relation.

Solution Since the school is boys school, no student of the school can be sister of any
student of the school. Hence, R = ¢, showing that R is the empty relation. It is also
obvious that the difference between heights of any two students of the school has to be
less than 3 meters. This shows that R” = A x A is the universal relation.

Remark In Class XI, we have seen two ways of representing a relation, namely raster
method and set builder method. However, arelation R in the set {1, 2, 3,4} defined by R
= {(a, b) : b = a + 1} is also expressed as ¢ R b if and only if
b =a + 1 by many authors. We may also use this notation, as and when convenient.

If (a, b) € R, we say that a is related to b and we denote it as a R 5.

One of the most important relation, which plays a significant role in Mathematics,
is an equivalence relation. To study equivalence relation, we first consider three
types of relations, namely reflexive, symmetric and transitive.

Definition 3 A relation R in a set A is called
(i) reflexive, if (a, a) € R, for every a € A,
() symmetric, if (a,, a,) € R implies that (a,, a)) € R, forall a, a, € A.
(i) transitive, if (a,, a,) € R and (a,, a,) € R implies that (¢, a,) € R, forall a , a,,
a, € A.
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RELATIONS AND FUNCTIONS 3

Definition 4 A relation R in a set A is said to be an equivalence relation if R is
reflexive, symmetric and transitive.

Example 2 Let T be the set of all triangles in a plane with R a relation in T given by
R={(T,, T, : T, is congruent to T,}. Show that R is an equivalence relation.

Solution R is reflexive, since every triangle is congruent to itself. Further,
(T, T,) e R=T, is congruent to T, = T, is congruent to T, = (T,, T,) € R. Hence,
R is symmetric. Moreover, (T, T,), (T,, T,) € R = T, is congruent to T, and T, is
congruentto T, = T is congruentto T, = (T, T,) € R. Therefore, R is an equivalence
relation.

Example 3 Let L be the set of all lines in a plane and R be the relation in L defined as
R ={(L, L) : L, is perpendicular to L }. Show that R is symmetric but neither
reflexive nor transitive.

Solution R is not reflexive, as a line L, can not be perpendicular to itself, i.e., (L, L,)

¢ R. R is symmetric as (L, L)) € R L,

= L, is perpendicular to L,

= L, is perpendicular to L, L,

= (L,L)eR. L,
R is not transitive. Indeed, if L, is perpendicular to L, and Fig 1.1

L, is perpendicular to L., then L, can never be perpendicular to
L,. In fact, L, is parallelto L, i.e.,(L,L) € R, (L,,L,) e Rbut (L, L)) ¢ R.

Example 4 Show that the relation R in the set {1, 2, 3} given by R = {(1, 1), (2, 2),
(3,3),(1,2),(2, 3)} is reflexive but neither symmetric nor transitive.

Solution R is reflexive, since (1, 1), (2, 2) and (3, 3) lie in R. Also, R is not symmetric,
as (1,2) e Rbut (2, 1) ¢ R. Similarly, R is not transitive, as (1,2) € Rand (2, 3) € R
but (1, 3) ¢ R.
Example 5 Show that the relation R in the set Z of integers given by

R = {(a, b) : 2 divides a — b}
is an equivalence relation.
Solution R is reflexive, as 2 divides (¢ — a) for all @ € Z. Further, if (a, b) € R, then
2 divides a — b. Therefore, 2 divides b — a. Hence, (b, a) € R, which shows that R is
symmetric. Similarly, if (a, b)) € R and (b, ¢) € R, then a — b and b — ¢ are divisible by
2. Now, a —c = (a — b) + (b — ¢) is even (Why?). So, (a — ¢) is divisible by 2. This
shows that R is transitive. Thus, R is an equivalence relation in Z.
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4 MATHEMATICS

In Example 5, note that all even integers are related to zero, as (0, £ 2), (0, £ 4)
etc., lie in R and no odd integer is related to 0, as (0, = 1), (0, = 3) etc., do not lie in R.
Similarly, all odd integers are related to one and no even integer is related to one.
Therefore, the set E of all even integers and the set O of all odd integers are subsets of
Z satisfying following conditions:

(i) All elements of E are related to each other and all elements of O are related to
each other.
(i) No element of E is related to any element of O and vice-versa.
(i) E and O are disjointand Z=E U O.

The subset E is called the equivalence class containing zero and is denoted by
[0]. Similarly, O is the equivalence class containing 1 and is denoted by [1]. Note that
[0] #[1], [0]=[2r] and [1] = [2r + 1], r € Z. Infact, what we have seen above is true
for an arbitrary equivalence relation R in a set X. Given an arbitrary equivalence
relation R in an arbitrary set X, R divides X into mutually disjoint subsets A called
partitions or subdivisions of X satisfying:

(1) all elements of A_ are related to each other, for all i.
(i) no element of A, is related to any element of Aj LI#E].
(i) uAj=XandAimAj=¢,i¢j.

The subsets A are called equivalence classes. The interesting part of the situation
is that we can go reverse also. For example, consider a subdivision of the set Z given
by three mutually disjoint subsets A, A, and A, whose union is Z with

A ={x e Z:xisamultipleof3} ={..,-6,-3,0,3,6, ...}
A ={xeZ:x—lisamultipleof3} ={.,-5,-2,1,4,7,..}
A,={xeZ:x—-2isamultipleof 3} ={..,-4,-1,2,5,8, ..}

Define a relation R in Z given by R = {(a, b) : 3 divides a — b}. Following the
arguments similar to those used in Example 5, we can show that R is an equivalence
relation. Also, A, coincides with the set of all integers in Z which are related to zero, A,
coincides with the set of all integers which are related to 1 and A, coincides with the

set of all integers in Z which are related to 2. Thus, A, = [0], A, = [1] and A, = [2].
In fact, A, = [3r], A,=[3r+ 1]and A, = [3r + 2], for all » € Z.

Example 6 Let R be the relation defined in the set A = {1, 2, 3, 4, 5, 6, 7} by
R = {(a, b) : both a and b are either odd or even}. Show that R is an equivalence
relation. Further, show that all the elements of the subset {1, 3,5, 7} are related to each
other and all the elements of the subset {2, 4, 6} are related to each other, but no
element of the subset {1, 3, 5, 7} is related to any element of the subset {2, 4, 6}.
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RELATIONS AND FUNCTIONS 5

Solution Given any element @ in A, both a and a must be either odd or even, so
that (a, a) € R. Further, (a, b)) € R = both a and b must be either odd or even
= (b, a) € R. Similarly, (a, b) € R and (b, ¢) € R = all elements a, b, ¢, must be
either even or odd simultaneously = (a, ¢) € R. Hence, R is an equivalence relation.
Further, all the elements of {1, 3, 5, 7} are related to each other, as all the elements
of this subset are odd. Similarly, all the elements of the subset {2, 4, 6} are related to
each other, as all of them are even. Also, no element of the subset {1, 3, 5, 7} can be
related to any element of {2, 4, 6}, as elements of {1, 3, 5, 7} are odd, while elements
of {2, 4, 6} are even.

|EXERCISE 1.1|

1. Determine whether each of the following relations are reflexive, symmetric and
transitive:

(i) Relation R inthe setA= {1, 2,3, ..., 13, 14} defined as
R={(x,y):3x—y=0}
(i) Relation R in the set N of natural numbers defined as
R={(,y):y=x+5and x <4}
(ii) Relation R inthe set A= {1,2,3,4,5, 6} as
R = {(x,y) : y is divisible by x}
(iv) Relation R in the set Z of all integers defined as
R = {(x,y) : x —y is an integer}
(v) Relation R in the set A of human beings in a town at a particular time given by
(a) R={(x,y): x and y work at the same place}
(b) R={(x,»): x and y live in the same locality}
(¢) R={(x, y) : x is exactly 7 cm taller than y}
(d) R={(x,y):xis wife of y}
() R={(x, ) :xis father of y}
2. Show that the relation R in the set R of real numbers, defined as
R = {(a, b) : a < b*} is neither reflexive nor symmetric nor transitive.
3. Check whether the relation R defined in the set {1, 2, 3, 4, 5, 6} as
R={(a, b) : b =a+ 1} is reflexive, symmetric or transitive.
4. Show that the relation R in R defined as R = {(a, b) : a < b}, is reflexive and
transitive but not symmetric.

5. Check whether the relation R in Rdefined by R = {(a, b) : a < b’} is reflexive,
symmetric or transitive.
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10.

11.

12.

13.

14.

MATHEMATICS

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is
symmetric but neither reflexive nor transitive.

Show that the relation R in the set A of all the books in a library of a college,
given by R = {(x, ¥) : x and y have same number of pages} is an equivalence
relation.
Show that the relation R in the set A= {1, 2, 3,4, 5} given by
R = {(a, b) : |a — b| is even}, is an equivalence relation. Show that all the
elements of {1, 3, 5} are related to each other and all the elements of {2, 4} are
related to each other. But no element of {1, 3, 5} is related to any element of {2, 4}.
Show that each of the relation R in the set A= {x € Z : 0 <x < 12}, given by
(1) R={(a, b):|a— b|is a multiple of 4}

(i) R={(a, b):a=b}
is an equivalence relation. Find the set of all elements related to 1 in each case.
Give an example of a relation. Which is

(i) Symmetric but neither reflexive nor transitive.

(i) Transitive but neither reflexive nor symmetric.

(iii) Reflexive and symmetric but not transitive.

(iv) Reflexive and transitive but not symmetric.

(v) Symmetric and transitive but not reflexive.
Show that the relation R in the set A of points in a plane given by
R = {(P, Q) : distance of the point P from the origin is same as the distance of the
point Q from the origin}, is an equivalence relation. Further, show that the set of

all points related to a point P # (0, 0) is the circle passing through P with origin as
centre.

Show that the relation R defined in the set A of all triangles as R = {(T, T,) : T,
is similar to T, }, is equivalence relation. Consider three right angle triangles T,
with sides 3, 4, 5, T, with sides 5, 12, 13 and T, with sides 6, 8, 10. Which
triangles among T, T, and T, are related?

Show that the relation R defined in the set A of all polygons as R = {(P, P) :
P, and P, have same number of sides}, is an equivalence relation. What is the
set of all elements in A related to the right angle triangle T with sides 3, 4 and 5?
Let L be the set of all lines in XY plane and R be the relation in L defined as
R={(L,,L):L,isparallel to L,}. Show that R is an equivalence relation. Find
the set of all lines related to the line y = 2x + 4.
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15. LetR betherelationintheset {1,2, 3,4} given by R={(1, 2),(2,2),(1, 1), (4,4),
(1, 3), (3, 3), (3, 2)}. Choose the correct answer.

(A) Risreflexive and symmetric but not transitive.
(B) Risreflexive and transitive but not symmetric.
(C) R issymmetric and transitive but not reflexive.
(D) R s an equivalence relation.
16. LetR be the relation in the set Ngiven by R = {(a, b) : a=b—-2, b> 6}. Choose
the correct answer.
(A) 2,49)eR @B 3,8 R (C) (6,8 eR (D) (8,7 R

1.3 Types of Functions

The notion of a function along with some special functions like identity function, constant
function, polynomial function, rational function, modulus function, signum function etc.
along with their graphs have been given in Class XI.

Addition, subtraction, multiplication and division of two functions have also been
studied. As the concept of function is of paramount importance in mathematics and
among other disciplines as well, we would like to extend our study about function from
where we finished earlier. In this section, we would like to study different types of
functions.

Consider the functions f, £, f, and f, given by the following diagrams.

InFig 1.2, we observe that the images of distinct elements of X under the function
/, are distinct, but the image of two distinct elements 1 and 2 of X, under f, is same,
namely b. Further, there are some elements like e and f'in X, which are not images of
any element of X, under /|, while all elements of X, are images of some elements of X
under f,. The above observations lead to the following definitions:

Definition 5 A function f: X — Y is defined to be one-one (or injective), if the images
of distinct elements of X under f are distinct, i.e., for every x, x, € X, f(x,) = f(x,)
implies x, = x,. Otherwise, f'is called many-one.

The function f, and f, in Fig 1.2 (i) and (iv) are one-one and the function /] and f;
in Fig 1.2 (ii) and (iii) are many-one.

Definition 6 A function f: X — Y is said to be onto (or surjective), if every element
of Y is the image of some element of X under £, i.e., for every y € Y, there exists an
element x in X such that f(x) = y.

The function f; and f,in Fig 1.2 (iii), (iv) are onto and the function f, in Fig 1.2 (i) is

not onto as elements e, fin X, are not the image of any element in X under f.
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fi a
1
X [ s
2 /{/ ¢
3 d
e
4 f
X, X, X X
) ' (i) :

X, (iii) X, X, (iv) X

Fig 1.2 (i) to (iv)

Remark f:X —Y is onto if and only if Range of /=Y.
Definition 7 A function /: X — Y is said to be one-one and onto (or bijective), if f'is

both one-one and onto.

The function £, in Fig 1.2 (iv) is one-one and onto.

Example 7 Let A be the set of all 50 students of Class X in a school. Let /: A — Nbe
function defined by f(x) = roll number of the student x. Show that f is one-one
but not onto.

Solution No two different students of the class can have same roll number. Therefore,
fmust be one-one. We can assume without any loss of generality that roll numbers of
students are from 1 to 50. This implies that 51 in Nis not roll number of any student of
the class, so that 51 can not be image of any element of X under /- Hence, fis not onto.

Example 8 Show that the function f: N— N, given by f(x) = 2x, is one-one but not
onto.

Solution The function f'is one-one, for f(x,) = f(x,) = 2x, = 2x, = x, = x,. Further,
fis not onto, as for 1 € N, there does not exist any x in Nsuch that f(x) = 2x = 1.
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Example 9 Prove that the function /: R — R, given by f(x) = 2x, is one-one and onto.

Solution f'is one-one, as f(x,) = f(x,) = 2x, = 2x, = x, = x,. Also, given any real

number y in R, there exists % in R such that f (%) =2. (%) = y. Hence, f'is onto.

Y
A

y=f(x)=2x

X'« 0 »X
v
Yl

Fig1.3

Example 10 Show that the function f/: N— N, given by f(1)=f(2)=1 and f(x) =x— 1,

for every x > 2, is onto but not one-one.

Solution f'is not one-one, as /(1) =f(2) = 1. But fis onto, as given any y € N, y # 1,
we can choose x as y + 1 such that f(y + 1) =y + 1 —-1=y. Also for 1 € N, we

have f(1) = 1.
Example 11 Show that the function /: R - R,

defined as f(x) = x?, is neither one-one nor onto.

Solution Since f(— 1) = 1 = f(1), f'is not one-
one. Also, the element — 2 in the co-domain R is
not image of any element x in the domain R
(Why?). Therefore fis not onto.

Example 12 Show that /: N — N, given by

x +1,if x1is odd,

fx)=

x —1,if xis even

1s both one-one and onto.

Y
A
f)=x
fED=1 S=1
X< 0 »X
x=-1["x=1

N

Y!

The image of 1 and —1 under f is 1.
Fig 1.4
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Solution Suppose f(x,) = f(x,). Note that if x is odd and x, is even, then we will have
x,+1=x,—-1,ie.,x,—x =2 which is impossible. Similarly, the possibility of x, being
even and x, being odd can also be ruled out, using the similar argument. Therefore,
both x, and x, must be either odd or even. Suppose both x, and x, are odd. Then
fx)=f(x,)=x +1=x,+1=x =x,. Similarly, if both x, and x, are even, then also
f&x)=f(x,) = x —1=x,—1=x =x,. Thus, fis one-one. Also, any odd number
2r+ 1 in the co-domain N is the image of 27 + 2 in the domain N and any even number
2r in the co-domain N is the image of 2 — 1 in the domain N. Thus, f'is onto.

Example 13 Show that an onto function f: {1, 2, 3} — {1, 2, 3} is always one-one.

Solution Suppose f'is not one-one. Then there exists two elements, say 1 and 2 in the
domain whose image in the co-domain is same. Also, the image of 3 under f'can be
only one element. Therefore, the range set can have at the most two elements of the
co-domain {1, 2, 3}, showing that /" is not onto, a contradiction. Hence, fmust be one-one.

Example 14 Show that a one-one function f: {1, 2, 3} — {1, 2, 3} must be onto.

Solution Since f'is one-one, three elements of {1, 2, 3} must be taken to 3 different
elements of the co-domain {1, 2, 3} under /. Hence, fhas to be onto.

Remark The results mentioned in Examples 13 and 14 are also true for an arbitrary
finite set X, i.e., a one-one function f: X — X is necessarily onto and an onto map
f: X— Xisnecessarily one-one, for every finite set X. In contrast to this, Examples 8
and 10 show that for an infinite set, this may not be true. In fact, this is a characteristic
difference between a finite and an infinite set.

|EXERCISE 1.2|

1. Show that the function f: R, = R, defined by f(x) = - is one-one and onto,

where R_ is the set of all non-zero real numbers. Is the result true, if the domain
R, is replaced by N with co-domain being same as R ?
2. Check the injectivity and surjectivity of the following functions:
(1) f: N — N given by f(x) = x?
(i) f: Z — Z given by f(x) = x?
(i) /: R — R given by f(x) = x2
(iv) f: N — N given by f(x) = x*
(v) f:Z — Z given by f(x) =x°
3. Prove that the Greatest Integer Function /: R — R, given by f(x) = [x], is neither
one-one nor onto, where [x] denotes the greatest integer less than or equal to x.
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Show that the Modulus Function f: R — R, given by f(x) = | x|, is neither one-
one nor onto, where | x | is x, if x is positive or 0 and | x| is — x, if x is negative.

Show that the Signum Function /: R — R, given by

[ if x>0
f(x) = D, if x=0
H 1if x<0

1s neither one-one nor onto.

LetA={1,2,3},B=1{4,5,6,7} and let /= {(1, 4), (2,5), (3, 6)} be a function
from A to B. Show that f'is one-one.

In each of the following cases, state whether the function is one-one, onto or
bijective. Justify your answer.

(1) f: R > R defined by f(x) =3 — 4x
(i) /: R > R defined by f(x) =1 + x?

Let A and B be sets. Show that f: A x B — B X A such that f(a, b) = (b, a) is
bijective function.

M+ it nis odd
Let f: N — N be defined by f(n) = U forall n € N.
) ,if niseven

State whether the function f'is bijective. Justify your answer.
Let A=R - {3} and B=R - {1}. Consider the function f: A — B defined by

x=2
fx)= (E) . Is f'one-one and onto? Justify your answer.

Let /: R — R be defined as f{x) = x*. Choose the correct answer.

(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor onto.
Let /: R —> R be defined as f(x) = 3x. Choose the correct answer.

(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor onto.
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1.4 Composition of Functions and Invertible Function

Definition 8 Let f: A— B and g : B — C be two functions. Then the composition of
fand g, denoted by gof, is defined as the function gof: A — C given by

gof (x) = g(f(x)), v x € A.

gof
Fig1.5

Example 15 Letf: {2,3,4,5} > {3,4,5,9}and g: {3,4,5,9} > {7, 11, 15} be
functions defined as f(2) = 3, f(3) =4, f(4) = f(5)=5and g(3) =g(4) =7 and
g(5) = g(9)=11. Find gof.

Solution We have gof(2) = g(f(2)) = g(3) =7, gof(3) = g(f(3)) =g(4) =7,
gof(4) = g(f(4)) = g(5) = 11 and gof(5) = g(5) = 11.

Example 16 Find gof'and fog, if f: R - R and g : R — R are given by f(x) = cos x
and g (x) = 3x% Show that gof # fog.

Solution We have gof(x) = g(f(x)) = g(cos x) = 3 (cos x)* = 3 cos? x. Similarly,
fog(x) = f(g(x))= f(3x*) = cos (3x?). Note that 3cos? x # cos 3x%, for x = 0. Hence,
gof # fog.

Definition 9 A function /: X — Y is defined to be invertible, if there exists a function
g:Y — Xsuch that gof=1, and fog =I,. The function g is called the inverse of f and
is denoted by /.

Thus, if f'is invertible, then f must be one-one and onto and conversely, if f'is
one-one and onto, then fmust be invertible. This fact significantly helps for proving a
function f'to be invertible by showing that f'is one-one and onto, specially when the
actual inverse of f'is not to be determined.

Example 17 Let f: N —> Y be a function defined as f(x) = 4x + 3, where,
Y = {y € N: y=4x + 3 for some x € N}. Show that fis invertible. Find the inverse.

Solution Consider an arbitrary element y of Y. By the definition of Y, y = 4x + 3,
-3

for some x in the domain N. This shows that x = . Define g : Y > N by
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509=222 Now, gof) = g = g+ 3) = D

x and

(y—3)):4(y—3)+3 =y —3+3=y. This shows that gof =1

4 4
and fog = I, which implies that fis invertible and g is the inverse of /.

fog) =fg)=f (

Miscellaneous Examples

Example 18 If R and R, are equivalence relations in a set A, show that R, " R, is
also an equivalence relation.

Solution Since R, and R, are equivalence relations, (a, a) € R, and (a,a) e R, Va € A.
This implies that (a, a) € R, " R,, V a, showing R, N R, is reflexive. Further,
(a,b) e R MR, = (a,b) e R and (a,b) €e R, = (b,a) € R, and (b, a) € R, =
(b, a) € R, n R, hence, R, N R, is symmetric. Similarly, (a, b) € R, " R, and
(b,c) e RRMR, = (a,¢) € R, and (a, ¢) € R, = (a, ¢) € R, N R,. This shows that
R, MR, is transitive. Thus, R, M R, is an equivalence relation.

Example 19 Let R be a relation on the set A of ordered pairs of positive integers
defined by (x, ) R (&, v) if and only if xv = yu. Show that R is an equivalence relation.

Solution Clearly, (x, ¥) R (x, ¥), v (x, y) € A, since xy = yx. This shows that R is
reflexive. Further, (x, ») R (1, v) = xv =yu = uy = vx and hence (u, v) R (x, y). This
shows that R is symmetric. Similarly, (x, y) R (u, v) and (4, v) R (a, b) = xv = yu and

b a
ub=va = xvﬁzyugz xv;zyu; = xb = ya and hence (x, y) R (a, b). Thus, R
u u

is transitive. Thus, R is an equivalence relation.

Example 20 Let X = {1, 2, 3,4, 5,6, 7, 8, 9}. Let R, be a relation in X given
by R, = {(x, y) : x — y is divisible by 3} and R, be another relation on X given by
R, ={(x,y): tx,y} < {1,4,7}} or {x,y} < {2,5,8} or {x,y} < {3, 6,9} }. Show that
R, =R,

Solution Note that the characteristic of sets {1, 4, 7}, {2, 5, 8} and {3, 6, 9} is
that difference between any two elements of these sets is a multiple of 3. Therefore,
(x,y) € R, = x —yis a multiple of 3 = {x, y} < {1, 4, 7} or {x, y} < {2, 5, 8}
or {x,y} < {3,6,9} = (x,y) € R,. Hence, R, c R,. Similarly, {x,y} € R, = {x, y}
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c{1,4, 7} or {x, y} < {2,5,8} or {x,y} < {3, 6,9} = x — y is divisible by
3= {x,y} € R. This shows that R, — R,. Hence, R, = R..

Example 21 Let f: X — Y be a function. Define a relation R in X given by
R = {(a, b): fla) = f(b)}. Examine whether R is an equivalence relation or not.

Solution For every a € X, (a, a) € R, since f(a) = f(a), showing that R is reflexive.
Similarly, (a, b) € R = f(a) = f(b) = f(b) = f(a) = (b, a) € R. Therefore, R is
symmetric. Further, (a, b) € R and (b, ¢) € R = f(a) = f(b) and f(b) = f(c) = f(a)
= f(c¢) = (a, ¢) € R, which implies that R is transitive. Hence, R is an equivalence
relation.

Example 22 Find the number of all one-one functions from set A = {1, 2, 3} to itself.

Solution One-one function from {1, 2, 3} to itself is simply a permutation on three
symbols 1, 2, 3. Therefore, total number of one-one maps from {1, 2, 3} to itself is
same as total number of permutations on three symbols 1, 2, 3 which is 3! = 6.

Example 23 Let A= {1, 2, 3}. Then show that the number of relations containing (1, 2)
and (2, 3) which are reflexive and transitive but not symmetric is three.

Solution The smallest relation R, containing (1, 2) and (2, 3) which is reflexive and
transitive but not symmetric is {(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}. Now, if we add
the pair (2, 1) to R, to get R, then the relation R, will be reflexive, transitive but not
symmetric. Similarly, we can obtain R, by adding (3, 2) to R, to get the desired relation.
However, we can not add two pairs (2, 1), (3, 2) or single pair (3, 1) to R, at a time, as
by doing so, we will be forced to add the remaining pair in order to maintain transitivity
and in the process, the relation will become symmetric also which is not required. Thus,
the total number of desired relations is three.

Example 24 Show that the number of equivalence relation in the set {1, 2, 3} containing
(1,2) and (2, 1) is two.

Solution The smallest equivalence relation R, containing (1, 2) and (2, 1) is {(1, 1),
(2,2),(3,3),(1,2), (2, 1)}. Now we are left with only 4 pairs namely (2, 3), (3, 2),
(1, 3) and (3, 1). If we add any one, say (2, 3) to R, then for symmetry we must add
(3, 2) also and now for transitivity we are forced to add (1, 3) and (3, 1). Thus, the only
equivalence relation bigger than R is the universal relation. This shows that the total
number of equivalence relations containing (1, 2) and (2, 1) is two.

Example 25 Consider the identity function I : N — N defined as [ (x) =x Vx € N.
Show that although I is onto but I + 1 : N — N defined as

(I, + 1) () = I (x) + I (x) = x + x = 2x is not onto.
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Solution Clearly I is onto. But I + I is not onto, as we can find an element 3
in the co-domain N such that there does not exist any x in the domain N with
(Iy + I (x) = 2x = 3.

Example 26 Consider a function f : [0’2}_)11 given by f(x) = sin x and

g: [O,E}—)R given by g(x) = cos x. Show that f'and g are one-one, but f+ g is not
2

one-one.

Solution Since for any two distinct elements x, and x, in [0,%} , sin x, # sin x, and

cos x, # cos x,, both f'and g must be one-one. But (f + g) (0) = sin 0 + cos 0 = 1 and

LT (i
f+o (g) = smE + cosE =1. Therefore, f+ g is not one-one.

Miscellaneous Exercise on Chapter 1

1. Show that the function /: R — {x € R:—1<x <1} defined by f(x)=1+L|x|,

x € R is one one and onto function.

2. Show that the function /: R — R given by f(x) = x* is injective.

Given a non empty set X, consider P(X) which is the set of all subsets of X.
Define the relation R in P(X) as follows:

For subsets A, B in P(X), ARB if and only if A — B. Is R an equivalence relation
on P(X)? Justify your answer.

4. Find the number of all onto functions from the set {1, 2, 3,......, n} to itself.
5. LetA={-1,0,1,2},B={-4,-2,0,2} and f, g : A — B be functions defined

1
by f(x) =x* — x, x € A and &(x)=2 X_E‘_l’ x € A. Are f and g equal?

Justify your answer. (Hint: One may note that two functions /: A — B and
g : A — B such that f(a) = g(a) v a € A, are called equal functions).
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LetA={1,2,3}. Then number of relations containing (1, 2) and (1, 3) which are
reflexive and symmetric but not transitive is

(A) 1 (B) 2 € 3 (D) 4

Let A= {1, 2, 3}. Then number of equivalence relations containing (1, 2) is

(A) 1 B) 2 € 3 (D) 4
Summary

In this chapter, we studied different types of relations and equivalence relation,
composition of functions, invertible functions and binary operations. The main features
of this chapter are as follows:

L 2R R 2R 2R 2

*

Empty relation is the relation R in X given by R=¢ < X x X.

Universal relation is the relation R in X given by R = X x X.

Reflexive relation R in 